Abstract
signal observed by the altimeter. In the remainder of this paper, the observational evidence for
152
SQG motions and their importance to the estimates of eddy kinetic energy is explored.
153
QG scalings appear to accurately describe the range of scales that characterize the oceanic
154
eddy field between about 10 and 500 km (Charney and Flierl, 1981) . Within the QG approx-155 imation, the dynamics are fully described by the distribution of the QG potential vorticity, q,
156
given by,
and buoyancy at the top and bottom boundaries,
where b = −gρ/ρ 0 is the buoyancy anomaly, ρ is the density, ρ 0 is a reference density, ψ is 159 the geostrophic streamfunction, f 0 is the Coriolis parameter at the latitude considered, β is 160 the planetary vorticity gradient, and H is the ocean depth. An "invertibility principle" follows 161 from equations (1) and (2): given the distributions of q and b, one can solve for the geostrophic 162 streamfunction, ψ, and hence the eddy motions. In other words, knowledge of q and b is sufficient 163 to diagnostically reconstruct the eddy dynamics-the elliptic problem for ψ has a unique solution
164
for known boundary conditions.
165
Although ψ and the full spectrum of motions can be inferred from the distributions of q and 166 b (the horizontal velocity field is given by gradients of the geostrophic streamfunction, u = −∂ y ψ 167 and v = ∂ x ψ), one needs prognostic equations to represent the evolution in time of the fields. In 168 the QG approximation, the prognostic equation is given by the statement that the QG potential 169 vorticity is stirred by the geostrophic velocity field, but is otherwise conserved,
where J is the Jacobian. Surface buoyancy, b s , is both advected by the surface geostrophic streamfunction, ψ, and it is forced by vertical advection through the Ekman velocity (w E ) and
172
by the divergence of surface fluxes, B,
At the bottom boundary, the forcing is primarily due to the vertical velocity induced by topo-174 graphic variations and boundary layer drag,
where h are the departures of bottom topography from z = −H and ν is the viscosity. These is much larger than any topographic variation h. To the extent that this condition is violated,
181
the vertical mode decomposition presented below is not very accurate.
182
Following Charney (1971), Hoskins et al. (1985) , and Bishop and Thorpe (1994) , the principle of potential vorticity inversion can be used to decompose ψ into the so-called interior modes and the surface solutions. ψ is obtained from (1) and (2) by splitting it into two parts, ψ int and ψ surf (see Lapeyre and Klein, 2006 , for more details),
and 
190
The interior solution ψ int can be projected onto vertical eigenfunctions F j (z) and Fourier
191
modes in the horizontal and in time,
where H is the ocean depth and κ 2 = κ 2 x + κ 2 y . The F j (z) are the eigenfunctions solutions of the
194
Sturm-Liouville vertical operator, scale linear gradients and can be expanded efficiently into Fourier modes.
201
The Fourier transform of the surface streamfunction ψ surf can be written in the form,
whereb s is the amplitude of the Fourier transform in time and space of buoyancy. For each
203
wavenumber the "surface solution," E(κ, z), satisfies,
204
∂ ∂z
(15) * Although the SQG functions E are commonly also referred to as "modes," we reserve that terminology, as is conventional, for the unforced solutions of the homogeneous Sturm-Liouville system. system is forced.
206
Finally, the Fourier transform of the geostrophic streamfunction is given by the sum of 207 interior modes and surface solutions,
The 
andΨ j is the total amplitude of the mode. Note that the WKBJ approximation of the normal
, i.e. F j (0) is independent of mode number 237 for j > 1 (the barotropic mode has unit amplitude). The projection of surface solutions onto 238 the interior ones decreases with mode number and horizontal wavenumber.
239
Because the F j are complete in representing u, v, and the E project onto them, the distinction 240 between E and the ordinary linear F j , is primarily one of efficiency. To the degree that motions 241 are dominated by E, the projection onto the F j would produce a decomposition in which the 242 latter were phase-locked in time in such a way as to maintain the near-surface amplification.
243
If, however, the F j are randomly phased, the E solutions cannot dominate. Phase-locking is 244 necessary, but not sufficient, to imply the presence of E-as it can be produced by other physics
245
(e.g., surface wind forcing or bottom topography).
246
Anticipating that oceanic motions are well-described by a superposition of the barotropic is not tenable.
256
Potential vorticity and streamfunction are less accessible from observations than are KE and 257 PE. In a QG system, the total energy takes the form,
The first term is the KE and the second the PE, and the two contributions to energy can be expressed in terms of the interior modes and surface solutions,
In Section 4.7 it is shown that, consistent with the results of W97, the bulk of the KE 
Turbulent Eulerian Frequency Spectra

270
The first scenario considered is one in which atmospheric forcing, through wind stress and 271 buoyancy fluxes, acts only at scales much larger than the scale of oceanic eddies of a few hundred 272 kilometers and decorrelates over times much longer than the eddy turnover times of a few weeks.
273
In this limit the distribution of eddy energy through wavenumber and frequency space is the 274 result of eddy stirring of potential vorticity in the ocean interior and buoyancy at the surface.
275
Theories of QG turbulence take this perspective and refer to the range of scales dominated by 276 eddy-eddy interactions as the "inertial subrange."
277
QG turbulence theory makes predictions for the energy spectra as a function of wavenumbers.
These are defined as the integrals over all frequencies of the expressions for KE and PE in (18) and (19),
where the angle brackets indicate an average over many realizations of the turbulent field. At scales smaller than the deformation radius, theory predicts that the wavenumber spectra are isotropic and it is useful to work in terms of the isotropic spectra, i.e. spectra integrated along circles in wavenumber space, defined as,
where (κ, φ) are polar coordinates in wavenumber space.
278
Unfortunately, few oceanic data provide simultaneous measurements of the horizontal and vertical distributions of eddy energy. Current meters mounted on moorings do provide measurements of eddy energy as a function of depth and time. Eddy energy spectra as a function of frequency and mode number can be constructed,
The question then is how to relate wavenumber to frequency spectra-because we have theories
279
for the former, but data for the latter. 
where U is the RMS velocity of the energy containing scales (e.g., Vallis, 2006 assumes that no waves are present in the turbulent field, so that the frequency variability is 292 entirely generated by stirring and not by intrinsic oscillatory motions.
293
Alternatively, the relationship between frequencies and wavenumbers can be diagnosed from 294 the oceanic energy spectrum as measured by altimeters. Fig. 2 shows an estimate of the zonal- then be used to make predictions about oceanic frequency spectra. If the wavenumber spectrum 318 is isotropic and is proportional to κ −α , then the one-dimensional zonal wavenumber spectrum is 319 also proportional to κ −α x . The relationships (26 or 27) then imply that the frequency spectrum 320 is proportional to ω −α
321
The characteristics of QG turbulence depend on whether it is generated primarily by stirring of large scale interior potential vorticity anomalies or whether it is mostly due to stirring of large scale surface buoyancy gradients. In the former case, turbulence is dominated by the interior modes, while surface buoyancy contributions to KE and PE can be ignored. Charney (1971) and, more recently, Smith and Ferrari (2009) , show that in this case the spectrum of
Tulloch and Smith (2009) show that the buoyancy anomalies in SQG turbulence simulations have a 2D spectrum |b s | 2 ∝ κ −8/3 (corresponding to an isotropic buoyancy spectrum rolling off as κ −5/3 ) for scales smaller than O(100)km. If the surface solutions dominate the overall energy, the energy spectra be proportional to,
Once again, the wavenumber spectra have been converted into Eulerian frequency spectra us-322 ing (26). For wavenumbers/frequencies smaller than the corresponding deformation radius,
323
S kj ∝ ω 1/3 , while for higher wavenumbers/frequencies S kj ∝ ω −11/3 . The same scaling is ob-324 tained using relationship (27). 
Forced Eulerian Frequency Spectra
330
The turbulent hypothesis considered above is that all eddy variance at high frequencies is generated through a turbulent cascade of potential vorticity and buoyancy variance from large to small
scales. An alternative view is that eddy energy at high frequencies is directly forced by winds and buoyancy fluxes at the ocean surface, and dominates the observations. In this scenario, the linearized potential vorticity and buoyancy equations in the presence of external forcing are,
where Q = −w E N 2 + B (recall Eq. (4) the planetary potential vorticity gradient in the ocean interior and generates q perturbations.
337
In summary, the forced problem generates both b and q perturbations and therefore excites a 338 superposition of F j and E.
339
Solutions to this system of equations are given in Frankignoul and Müller (1979a),
whereQ(κ x , κ y , ω) is the Fourier transform of the forcing, Q, and ω j = −βκ x /(κ 2 + λ 2 j ) are the waves for some wavenumber.
344
The oceanic response can therefore be off-resonant or resonant. For frequencies larger than 345 the maximum frequency, ω max j , of Rossby waves, no resonance can occur and the oceanic response 346 can be described in terms of finite power spectra. In the frequency range, ω ≤ ω max j , there 347 always exists a wavenumber for which the oceanic response is resonant and formally infinite.
348
The singularities could be removed by introducing dissipation mechanisms. Because, however, (1978) shows that one can define a single parameter λ 2 = −κ 2 − βk x /ω, which expresses the "equivalent depth" of the forcing (Lindzen, 1967; Philander, 1978) . One can then write the solution for a forced problem as,
The parameter λ 2 can be either positive or negative, corresponding to positive or negative equivalent depths 1976), is not apparent at the analogous frequency and wavenumber for Rossby wave modes.
362
The off-resonant response is proportional to the atmospheric forcing function Q. Following
363
Frankignoul and Müller (1979a), the Q is assumed to be a realization of a statistically stationary 364 and homogeneous process with zero mean and power spectrum S Q (κ x , κ y , ω) defined by,
where the angle brackets denote ensemble averages and the asterisks complex conjugates. Real-366 ity, stationarity, and homogeneity imply S Q (κ x , κ y , ω) = S Q (−κ x , −κ y , −ω). Note that definition
367
Eq. (36) implies random phases, thereby excluding standing (basin) modes.
368
In mid-latitudes, the dominant time scale of the atmospheric fields is a few days and most 369 of the air-sea fluxes are associated with the eastward traveling frontal cyclones and anticyclones 370 with wavelengths from 3000 to 7000 km. However, the forcing of the ocean is not confined to 371 the energetic weather system band, because atmospheric forcing has significant energy at lower ocean and has a white isotropic spectrum in wavenumber for scales shorter than about 3000 km.
376
Furthermore the frequency and wavenumber components of the spectrum appear to be separable 377 (Willson, 1975) , so that a reasonable approximation of the atmospheric forcing spectrum is,
where S ω Q (0) is the white frequency component of the spectrum and S κ Q (κ) is the wavenumber 379 component of the spectrum which is zero at large scales and becomes white for scales shorter 380 than ∼3000 km. For present purposes, the wavenumber dependence of the spectrum is not very relevant, because we are interested in the frequency response of the ocean obtained by 382 integrating over all wavenumbers.
383
The off-resonant oceanic spectrum generated by atmospheric forcing is obtained by substi- streamfunction spectrum takes the form,
i.e. it is separable into its z-wavenumber dependence and its frequency dependence. The z- 
416
Mooring data provide an alternative view of oceanic spectra, because they resolve high 
Mooring Data
420
A crucial issue is the vertical structure of the motions. In the compilation by W97, the then- results from three moorings from the Southern Ocean, not available for the earlier study, and one mid-latitude mooring. The fundamental decomposition is in the form, nearly uniform below about 400m, with a very sharp near-surface thermocline, which can be expected to amplify the F j (z) near the surface, j ≥ 1.
442
The modal shapes and instrument depths can be seen in Fig. 6 . The vertical displacement 443 modes, G j (z) = f 2 N −2 ∂F j /∂z, vanish at z = 0, producing almost no buoyancy signature,
444
whereas the horizontal velocity or pressure modes, F j (z) , are finite there. The kinetic energy
445
profile from the mooring data is in Fig. 7 . The instrument closest to the surface at 180m (Fig.   446 7) shows an increase in kinetic energy relative to the instruments at mid-water depths, not 447 inconsistent with the very sharp near-surface thermocline and the corresponding amplification is a pervasive problem.
452
Following the methodology of W97, a modal fit for α u,v (t) was done. When averaged over the 453 whole record, for u, 71% of the variance is barotropic, 23% 1st baroclinic and 5% 2nd baroclinic.
454
For v, the corresponding numbers are 72%, 19% and 7%. For temperature, 77% is in the 1st 
461
Spectral densities as a function of temporal frequency of the modal coefficients (Fig. 8) are 462 strongly red, with no obvious tendency to flatten at low frequencies. These were computed using The coherence between the barotropic and first baroclinic modal amplitudes for the zonal 468 velocity (Fig. 9) is weak, but significant (values around 0.6) at 180 o between the two modes.
469
This phase is such (see Fig. 6 ) to amplify the surface kinetic energy by phase locking the two 470 modes as either E solutions or forced modes would require. locked. This mooring is, as one expects absent strong modal coherence, one that was found to 500
give very different values of surface KE values when independent and phase-locked modes were 501 assumed.
502 ‡ Instrument depths provided in the data files obtained from the WOCE Current Meter Archive at Oregon
State University are the instrument nominal depths. Actual pressure depths used here are taken from Table 1 of Phillips and Rintoul (2000) , which appears to have an error in labelling the 3320m instrument as having failed, rather than the one at 1150m.
Together with the results of W97, the mooring data lead to the conclusion that the F j (z) prove 
547
The presence of structures in the frequency-wavenumber spectra corresponding to wave-like horizontal spatial structure, so that the observed frequency spectrum is some poorly determined 556 summation over all wavenumbers and their physics. To advance beyond using untestable features 557 of numerical models, some combination of altimetry with properly instrumented, multi-year 558 mooring deployments will be required, probably usefully supplemented with such techniques as 559 towed sensors, gliders, and possibly seismic oceanography from ships.
560 Bretherton (1966) shows that the elliptic problem for ψ with non-homogeneous boundary 568 conditions in (1 and (2) is equivalent to the elliptic problem with homogeneous boundary con-
where the delta function represents the effect of surface buoyancy. The modes F j are a complete 571 basis for this problem, because they satisfy the same boundary conditions. However, a complete 572 basis is defined as one that can represent functions possibly with a finite number of disconti- project onto the F j basis, and the projection of the surface solution is
The projection of the surface solution on the barotropic mode is the special case with F j (0) = 1 and λ j = 0. 
